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Abstract: We consider an L^-Wasserstein type distance p on the con- 
figuration space Vx over a Riemannian manifold X, and we prove tfiat 
p-Lipscfiitz functions are contained in a Dirichlet space associated with a 
measure on Tx satisfying some general assumptions. These assumptions 
are in particular fulfilled by a large class of tempered grandcanonical Gibbs 
measures with respect to a superstable lower regular pair potential. As an 
application we prove a criterion in terms of p for a set to be exceptional. 
This result immediately implies, for instance, a quasi-sure version of the 
spatial ergodic theorem. We also show that p is optimal in the sense that 
it is the intrinsic metric of our Dirichlet form. 



0. Introduction. 

Let Vx be the configuration space over a Riemannian manifold X. In this 
paper, we consider a class of probability measures on Tx, which in particular con- 
tains certain Ruelle type Gibbs measures and mixed Poisson measures. Using a 
natural 'non-fiat' geometric structure of Tx, recently analyzed in Albeverio, Kon- 
dratiev and Rockner (1996a), (1996b), (1997a), and (1997b), one can define weak 
derivatives and introduce the related Sobolev spaces. Here we are interested in a 
more detailed description of this concept of differentiability. Similar to the case of 
if-differentiability on Wiener space, it turns out that not all values which a function 
u takes in a small neighborhood of some 7 G Tx are relevant for its weak gradient 
V'"w(7), but only those which are located in certain 'directions'. Here, of course, the 
word 'direction' needs to be defined because of the absence of any linear structure 
on Tx even if X = M^. 
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Our way of making the above precise is to prove an infinite dimensional ver- 
sion of the celebrated theorem of Rademacher (1919) stating that Lipschitz func- 
tions on M.^ are differentiable almost everywhere and and in the weak sense. On 
abstract Wiener space and its generalizations, similar results were obtained by 
Kusuoka (1982a), (1982b), Enchev and Stroock (1993), and Bogachev and Mayer- 
Wolf (1996). On configuration space, the correct Lipschitz condition is defined 
through an L^-Wasserstein type distance function p, which, for non-compact X, di- 
vides Tx into uncountably many disjoint 'fibers', each of the form {u> \ p(7, w) < oo}. 
A consequence of our Rademacher type theorem then is that only the behavior of 
u in small p-balls around 7 matters for the value of V^'u(7). 

In a second result, we prove a partial converse to our Rademacher theorem. 
It also allows us to identify p as the intrinsic metric of certain Dirichlet forms 
associated with our weak gradient. The resulting variational formula can also be 
regarded as a Kantorovich-Rubinstein type theorem for our L^-Wasserstein metric. 
On abstract Wiener space such a converse to Rademacher's theorem was obtained 
in Enchev and Stroock (1993) by a different method. As a by-product to our proof 
we obtain that all measures satisfying our assumptions have full topological support 
on Tx, a result which might be of independent interest, in particular for the Ruelle 
measures mentioned above. 

Another main part of this paper is devoted to applications of the above results 
to the potential theory on configuration space. In particular, we show that if A C 
Tx has full measure, then the set of all points with positive p-distance to A is 
exceptional. This, for instance, implies immediately a quasi-sure version of the 
spatial ergodic theorem on T-^d. We also give a short proof of the quasi- regularity 
of our Dirichlet forms. 

The organization of the paper is as follows. In Section 1, we describe our set- 
up and the Rademacher type results under some general conditions on a measure 
fi on Tx- In Section 2, we identify a class of Ruelle type Gibbs measures which 
satisfy these assumptions. The applications to potential and ergodic theory are 
presented in Section 3. Sections 4 and 5 are devoted to a detailed analysis of 
the topological and geometric properties of our L^-Wasserstein distance p. These 
results serve as a preparation for the proofs of our main theorems, but some may 
also be of independent interest. Proofs concerning our various Sobolev spaces and 
Dirichlet forms are given in Section 6. Finally the proofs of our first two theorems 
are presented in Sections 7 and 8. 

1. The Rademacher-type results. 

Let Tx denote the space of all integer-valued Radon measures on a Rieman- 
nian manifold X with Riemannian inner product g. We will assume throughout this 
paper that {X, g) is smooth, connected and complete. In the case where X is one- 
dimensional we will assume that X equals IR with its Euclidean metric. Throughout 
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this paper, we will assume that Tx is endowed with the topology of vague conver- 
gence. Then Tx is Polish as a vaguely closed subset of the space of all non-negative 
Radon measures on X. The set of all 7 G Tx such that 'y{{x}) G {0, 1} is usually 
called configuration space over X, but we will also call Fx itself configuration space. 

The space Tx carries the following geometric structure which was defined in 
Albeverio, Kondratiev and Rockner (1996), (1997a). The "tangent space" T^Tx of 
Tx in some 7 is given as L^(X — > TX, 7), i.e., the space of all sections V in the 
tangent bundle TX of X which are square-integrable with respect to 7: 

ll^lll.rx ■■= {V^V)T,r^ ■■= j 9.{V,V)^{dx) < 00. 

For ease of notation, we will also use || ■ \\^ and (■, ■)7 instead of || ■ Utt-Tx ^ind 
•)t^Tx- By endowing the tangent space T^Tx with the inner product (■, ■)-),, Tx 
obtains a Riemannian-type structure, which is is non-trivial (i.e., varies with 7) 
even when the underlying space X is fiat. 

A suitable space of "smooth test functions" on Tx is the space TC^ which 
consists of all functions u on Tx of the form 

(1-1) <1) = 7), . . . , iU, 7)), 7 e Tx, 

for some n G N, F G C^°°(R^), and fi,...,fn e C^{X). For u as in (1.1), we 
define its "gradient" V^u as a mapping from Tx x X to TX, i.e., as a section of 
the tangent bundle TTx = [j^T^Tx: 

n 

(1.2) V^uir^.x) := ^aiF((/i,7),. . ., (/,,7))V^/i(x), 7 e T^, a; G X. 

Here di means partial derivative in direction of the i-th coordinate, and V'''^ is 
the usual gradient on X. Alternatively, V^u can be obtained using directional 
derivatives on Fx. To this end, let Vq{X) denote the space of all smooth vector fields 
on X having compact support. Then, for fixed 7 G Fx, the flow of diffeomorphisms 
(V't)teK generated by some V G Vq{X) induces a curve V't 7 := 7 o ('ipt)~^, t G M, on 
Fx. With these notations we get that 

^[^^«(^r7) = (V^«(7), V)^ =: V^«(7), 7 e Tx, « G J'C^, 

which in particular implies that (1.2) does not depend on a special representation 
of u as in (1.1). 

Let us now introduce an L"^ -Wasserstein type distance p on Fx as follows. 




p(a;,7) := inf <^ W / d{x,y)'^ r]{dx,dy) 



V e ^ujn O ^> 7 e Tx, 
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where T'u),-y denotes the set of ry e Txxx having marginals oj and 7, and d is the 
Riemannian distance function on X. Note that p{u!, 7) wiU be infinite if U!{X) ^ 
7(X), because T^^^ will then be empty. But also if both 00 and 7 are infinite 
configurations one will find that p{lj,'j) = 00 in general as the following example 
shows. Take X = M, a; = X^zez^^' 7 = a; — 5o, where dz denotes the Dirac 
measure in z. Obviously, convergence with respect to p implies vague convergence. 

Let us now formulate a set of assumptions we will impose in the sequel on a 
probability measure p on Tx- 

Assumption 1.1: We suppose that p is a Borel probability measure on Tx such 
that the following conditions hold. 

(a) ■j{{x}) G {0, 1}, for all x E X and p-a,.e. 7. 

(b) The mapping 7 1-^ ^{K) is in Lp'ip), for each compact K (Z X. 

(c) For any n G N, either p{\j\'^{X) = n}) > or //({7 | 7(X) > n}) > 
corresponding to whether X is compact or non-compact respectively. 

(d) For all V G Vq{X) and t G M, is quasi-invariant with respect to the flow V't 
of V, i.e., p o {tl)l)~^ ^ p. Moreover we assume that //-a.s. ess infj.<s<t$s > 0, 
for all finite r < t, where 



(e) p satisfies the following integration by parts formula. If u,v G and 
V G Vo{X), then there is an element Vy*i; G L^{Tx,p) such that 



Our main examples of measures satisfying Assumption 1.1 are Ruelle-type 
Gibbs measures corresponding to a pair potential satisfying certain assumptions 
(cf. Proposition 2.1 below). They will be discussed in detail in Section 2. Another 
example is provided by the following class of mixed Poisson measures. 

Example 1.2: Let m denote the canonical Riemannian volume element on X and 
fix a measure a having a smooth and strictly positive density with respect to m. 
Then consider a measure p on which is given as 



where Hs-a denotes the Poisson measure with intensity s ■ a (for s = 0, t^s-u will 
be the Dirac mass on the empty configuration), and A is a probability measure on 



dp o (ipv^g) ^ (8) ds 



dp (8) ds 
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[0,00) such that / s^X{ds) < 00 and A({0}) < 1. Then we claim that // satisfies 
Assumption 1.1. Indeed, (a) and (c) are trivial, (b) follows from our assumptions 
on A, (e) was shown in Albeverio, Kondratiev and Rockner (1997a), and quasi- 
invariance under diffeomorphisms is well-known with an explicit formula for the 
densities which then implies the positivity in (d) (see e.g. Albeverio, Kondratiev 
and Rockner ( 1 997a) ) . 

Theorem 1.3: Suppose that ji satisfies Assumption 1.1 and u G L'^ifJ-) is p- 
Lipschitz continuous. Then there exist a measurable subset Tq of Fx having full 
ji-measure and a measurable section V^u ofTTx with the following properties, 
(i) For all 7 G To, 11^^^(7)11^ < Lip(u). 

(a) If V E Vo{X) is a vector field possessing the flow {'i/jt)teR^ then 
for all 7 e To and in L?'{ii o for all s eR. 



Theorem 1.3 suggests that p-Lipschitz functions in L^(/x) should be contained 
in a suitable Sobolev space. To make this idea precise, let us introduce the following 
Dirichlet spaces. Let F denote the set of all bounded measurable functions on Tx 
for which there exists a measurable section V^u of TTx such that 

£j^{u,u) := J {V^u.V^u) d/j, < 00 

and such that 

(1.3) _^ {V^u,V) ast^0inL2(^o(V;*)-i),foraUseR, 

whenever V G Vo{X) with flow {ipt)teR- By F'^'^^ we denote the subset of all contin- 
uous elements of F. Clearly TC^ C F^'^) by Assumption 1.1 (b). 

Proposition 1.4: Assume that fj, satisfies Assumption 1.1. 

(i) {E^,J^C^), {Ej^,¥), and (Sj^^W^^^) are closable and their closures, denoted by 
{£^,Tq), {£^,T), and (Sj^,J^^'^^) respectively, are Dirichlet forms. Clearly, 

C J^^'^) C T. 

( ii) If u E (/i) is p-Lipschitz continuous, then u & J-'. 

(Hi) Suppose that p = f iVs-a X{ds) is as in Example 1.2 and that the X-valued 
Brownian motion having the drift V-^ \og{da /dm) is conservative. Then Tq = 
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(iv) For each u ^ T , there is a section V^u of the tangent bundle TTx such that 
£j^{u,u) = J{V^u{'y),V^u{'y))-y iJ,{d^) I.e., our Dirichlet form admits a carre 
du champs operator given by T£{u,v){'j) = (V^u{'y),'V^v{'y))^. 



Proposition 1.4 will be proved in Section 6 below. A priori it is not clear 
whether one of the identities in (iii) transfer to more general cases than mixed 
Poisson measures. An investigation in this direction will be the subject of a future 
work. Our next result first gives a partial converse to Theorem 1.3. Then we show 
in (ii) that p is in fact the largest metric which yields the assertion of this theorem. 

Theorem 1.5: Suppose that /i satisfies Assumption 1.1. 
(i) If u E J- satisfies < fi-a.e. and if u has a p-continuous ^.-version, 

then there exists a ^-measurable ji-version u which is p-Lipschitz continuous 

and satisfies Lip(w) < C. 
(ii) p is the intrinsic metric of the Dirichlet forms {8^,T) and {£j^ , J^^''^) , i.e., 
p(7,a;) = 

(1.4) = sup |u(7) — w e n C(rx) and u) < 1 /x-a.e. on Fxj 

= sup 1^(7) — u{u!) u e F*^*^) and l£;(tt, u) < 1 //-a.e. on rx|- 



Remark: We believe that in (i) the assumption that u has a p-continuous version 
can be dropped, at least if is a mixed Poisson measure. Theorem 1.5 (ii) states 
in particular that continuous functions u E ¥^^^ with T£{u,u) bounded are already 
p-Lipschitz continuous. However, if X is not compact an arbitrary p-Lipschitz con- 
tinuous u will in general have uncountably many p-Lipschitz continuous p-versions 
with arbitrarily large Lipschitz constant, which can be seen by modifying m on a 
single fiber {p(7, ■) < 00} having measure 0. Therefore, it would not make sense to 
replace F*^'^) or fi C{Tx) in (1-4) by a larger class of not necessarily continuous 
functions. On the other hand, it could be useful to know whether F'^'^^ can be re- 
placed by the smaller set TC^. Note that (1.4) is reminiscent of the well-known 
Kantorovich-Rubinstein theorem for the L^-Wasserstein metric between probabil- 
ity measures. One might guess that a similar variational formula as (1.4) holds for 
the classical L^-Wasserstein distance on the space of probabilities. It seems that 
in this case only variational characterizations involving non-symmetric expressions 
are known to date (cf. Dudley (1989)). If X is compact, then p metrizes the vague 
topology on Fx- Hence the well-known results on intrinsic distances of regular 
Dirichlet forms apply (see e.g. Sturm (1995)). However, if X is not compact the 
situation changes completely, and one is reminded of the Cameron-Martin distance 
on path space. 
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2. Applications to Ruelle-type Gibbs measures 

Let us recall the terminology used for Ruelle measures. Suppose X = W^, 
and (/) : R'* — > R U {+00} is a pair potential, i.e., (f) is measurable and satisfies 
(f){x) = (f){—x). If A C M'' is open bounded and non-empty the conditional energy 
: ^ M U {+00} is defined as 

if 

Ik Iri ''^^^ ~ '^{a^ ^ y} ^^^^^ ^^^^^ ^ 
and E^{'j) := +00 otherwise. For r = (r^, . . . ,r'^) e Z^, let Qr denote the cube 

Qr:=[xeR'^ r' - ^<x' <r' + 

and, for G N define An [— A^, A^]*^. Then is called superstable, if there are 
constants A> and B > such that 



(7A^) > [^7A^(<3r)^ - B^Aj^iQr)] , for aU 7 e Trc* and AT e N. 



Recall that 7a denotes the restriction of 7 to A. Let | • |oo denote the maximum 
norm on . (j) is called lower regular if there exists a decreasing positive fimction 
a : N ^ [0, 00) such that ^^^^^ '^(kloo) < 00 and, for any A', A" which are finite 
unions of cubes Qr and disjoint, 

W^(7A'|7A") / / 4>{x -y)l{dx)^{dy) 

J A' J A" 

>- Y a{\r' - r"\oohA'{Qr'hA"{Qr"), 

r',r"6Z'* 

for all 7 G T^d. See Ruelle (1970) and the references therein for a discussion of 
these conditions. Now let m denote Lebesgue measure on M'^ and let 2 > be fixed. 
Then let : F^d — > [0, 00] be the partition function 

^a(7) = y"exp ( - ^a(7ac + uja)) T^z-m{dw), 
where A^ := M'' \ A For B C F^d measurable, we define 

^a{i^B) = 1 Ai)—^ / I (7AC+u;A)exp (-£;J(7AC+a;A))7r^.m(c^a;). 

{Zl < 00} Zli-f) J ^ 
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The system 11^, A C M*^ open and bounded, is a specification and is a Gibbs 
measure with respect to if it satisfies the equihbrium equations 

jjU'jl = for all A. 

Because of the way our specification was defined, ^ is also called grandcanonical 
Gibbs measure associated with (j). Such a measure jjL is called tempered if it is sup- 
ported by := U^i Sn, where 

Sn := {7 e I V AT e N, J] ^{Qrf < n^{2N + 

According to Section 5 of Ruelle (1970), the set of tempered grandcanonical Gibbs 
measures is non-empty, provided the potential is superstable, lower regular, and 
satisfies the following integrability condition 



(2.1) 



f |l -e-'^(^)|da; < +00. 



The following differentiability condition on was introduced in Albeverio, Kon- 
dratiev and Rockner (1997b). 



e~'^ is weakly differentiable on M*^, cf) is weakly differentiable on 
M'^\{0}, and the weak gradient (which is a locally m-integrable 
function on M^\{0}) considered as an m-a.e. defined function on 
E*^ satisfies V0 e Li(E*^, e-'^dm) n L'^{R'^, e-^dm). 



(2-2) 



Proposition 2.1: Suppose (f) : 'R'^ M'^ U {+00} is a superstable lower regular 
pair potential with compact support which in addition satisfies (2.1) and (2.2) and 
which is bounded on any set {x\\x\ > r}, for all r > 0. Then every tempered 
grandcanonical Gibbs measure associated with cj) (in short: Ruelle measure) satisfies 
Assumption 1.1. 

Together with Proposition 5.6 below this result immediately yields the following 
corollary. 



Corollary 2.2: If (j) is as in Proposition 2.1, then every Ruelle measure associated 
with (f) has full topological support on Tx ■ 
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Proof of Proposition 2.1: Suppose first that (f) is superstable, lower regular, and 
satisfies (2.1). Then Corollary 5.3 of Ruelle (1970) states that, for any tempered 
grandcanonical Gibbs measure ji and any bounded open set A C M'', there exists 
ua : Fj^d [0, oo) such that, for any measurable function F > 0, 

j F(7A)/x(d7) = y cTA(7)F(7A)7r™((i7). 

Moreover, there are constants c > and d e R such that 

(ta{i) < exp (m{K) + XI [ ~ ^^(^ ^ <5r)^ + c^7(A ^Qr) ) , 

for TTm-a.e. 7 G Tjjd. In particular, the density cta is bounded above by a con- 
stant. It follows immediately from this result that (a) and (b) of Assumption 1.1 
are satisfied for such /x. Condition (c) follows from Lemma 2.3 below. Finally, 
Albeverio, Kondratiev and Rockner (1997b) show that the quasi-invariance and the 
integration by parts formula of Assumption 1.1 (d) and (e) respectively hold under 
our assumptions (cf. Lemma 4.2, Theorem 4.3, and Section 5.1 of Albeverio, Kon- 
dratiev and Rockner (1997b)). Moreover, if V e Vo(M'^) has support contained in 
A and generates the flow ('0t)teR, then 

^jtimrii,) = exp - %^Mn(,), 

and the positivity condition in (d) holds under our assumptions on 0. Thus Propo- 
sition 2.1 is proved. CH 

We owe the following lemma to B. Schmuland. 

Lemma 2.3: Let /i be grandcanonical Gibbs measure with respect to (j). Then 

//({7|7(R')<oo}) =0. 

Proof: Let denote the empty configuration. First suppose that Z'^[Q) < 00, for 
all bounded open A cM''. Then 

/^({O}) = / I exp [ - E^^iuA + 7ac)] TTz-miduj) fiid^) 

(2.3) = / ^_exp[-z-m(A)]//(d7) 

•^{7aC=0} ^1(7) 

exp[— 2; • m(A)] • //(7ac = 0). 
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Now 



^a(O) = y"exp [ - Ei^iujA)] 7r,.m{dw) > expf-z • m(A)] ■ {1 + z ■ m(A)), 
because E'^{u)\) = if a; (A) equals or 1. Together with (2.3) this yields 

Plugging this back into (2.3) gives /i(7AC = 0) = 0, for all A, which in turn implies 
that f^i^iR'^) < oo) = 0. 

Next consider the case where Z^(0) = oo, for large A. Then 
/.({7 I 7(K') <oo})= J (7, {a; | 7(A^) + a;(A) < 00}) fi{d^) 

= [ nJ(7,{c.|7(A^)+a;(A)<oo})Mc^7)- 

-'{7(K<*)<oo} 

But if 7(M^) < 00, then 0^(7, •) = nj(0, •), for A large. Also nj(0, ■) is the zero 
measure, for A so large that Z^{0) = 00. This proves the lemma. D 



3. Application: Potential theory on configuration space 

Let n satisfy Assumption 1.1, and define, for A C Fx, 

Pa{i) ■= inf {p(u;,7) e 
It will be shown in Lemma 4.1 below that pA is a measurable function if A is closed. 

Proposition 3.1: If K C Fx is compact and c > 0, then c A px is an £j^-quasi 
continuous function in T^'^^ . 

Proof: For a; e Vx and r > 0, let p^^r denote the function defined in Lemma 

4.2 below, and let PK,rin) = inf{/0a;,r(7) I ^ G K}. Let denote the restriction of 
a configuration u; to A C X. li = {ui\^u) E K such that ub,, = (^b^}, then 
Fr is closed, and pK,r = PFr- Hence pK,r is lower semi- continuous by Lemma 4.1 
(vii). However, pK,r is also upper semi-continuous as infimum over the continuous 
functions Pu},r- Hence pK,r is continuous. 

Let us now show that lim^ioo PK,r(7) = Pk{i), for all 7 G Fx- We first note 
that the limit exists since r 1— > pK,r is increasing. Furthermore, by Lemma 4.1 there 
is ujj & K such that 

Pk{i) = p{oJj,l) = lim poj^Al) > li> PkAi)^ 

rjoo rjoo 
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where we have used Lemma 4.2 (iii) for the second identity. To prove that also 
Pk{i) < hmf.px,r(7) choose a < pk{i)- By Lemma 4.2 (iv), the set Ur '■= 
I Pijj,r{l) > ck} is open. In addition, Lemma 4.2 (iii) implies that, for any uj E K, 
there is some r^^ e (0, oo) such that Pu},r^{l) > Thus | r > O} covers and 
hence there must be some A"^ < oo with K C U^(<x) . In other words, Pk,A°') {l) ^ ct- 
Hence we conclude that pKin) < hnir /0K,r(7)• 
Next, Theorem 1.3 and Lemma 4.1 (viii) yield that Ur cApK,r G ^^'^'^ C 
and that 8j^{ur, Ur) < 1. But this implies the assertion (cf. Ma and Rockner (1992), 
Section III. 3). □ 



Corollary 3.2: If ii{A) = 1, then {pA > 0} is exceptional for {E^,T^'^^). 

Proof: By inner regularity there are compact sets Ki C K2 d ■ ■ ■ <Z A such 
that n{Kn) t 1- Consider the functions ^71(7) '•= Pk„(7) A 1. Then Un G JF^^), 
and Sjj^{un,Un) < 1 by Proposition 3.1, Theorem 1.3, and Lemma 4.1 (viii) below. 
Therefore u :— lim^Un is non-negative and £^-quasi continuous by Proposition 3.1 
and standard arguments (see e.g. Ma and Rockner (1992) Section III. 3). In addition 
tt = on [J^Kn, and hence u = fj,-a,.s. Hence u = even quasi everywhere by 
Proposition III.3.9 of Ma and Rockner (1992). But {u = 0} G {pa > 0}. □ 

Let us now look at some applications of Corollary 3.2: 
Example 3.3: 

(i) If A = {7 I 7(X) = 00} one sees immediately that A — {pA < 00}. Hence 
p{A) ~ 1 implies that A*^ is exceptional, whereas p{A) = implies that A 
is exceptional, this result has first been proved by Byron Schmuland (private 
communication) . 

(ii) For the next application, suppose X = M'^. Consider the shift transformation 
9x, which is defined by 9^^ = ^a; * 7- Note that p{u>, 7) < 00 implies that 

\u{dx'^) — u{9x'y)\ — > as \x\ — > 00, 

for all functions u which are uniformly continuous with respect to a metric S 
for the vague topology on T^d having the form 5{uj, 7) = ^i^i 2~*| J fidu> — 
J fid'yl Al with convergence determining fi G Co(R.'^). Now let 

Se^-y dx — > /X as n t 00 



= 7 e r 



where Vn is the box [— n, n]'^ and convergence is supposed to hold in the weak 
sense. Then again = {Pa^ < 00}. But if p is ergodic with respect to 9^ the 
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spatial ergodic theorem of Nguyen and Zessin (1979) implies /J'iAfj^) — 1. Thus 
is exceptional by our corollary. If fi is not ergodic one can use its ergodic 
decomposition to get an analogous result, 
(iii) A similar reasoning as above applies to the strong law of large numbers. 

The above examples exhibit an interesting relation between the tail structure 
of T^d and the cr-field of all events A with the property that 

A = {pa < oo}. 

This relation and its application to Gibbs measures will be exploited in a future 
work. 

Next we present a short proof for the quasi-regularity of our Dirichlet form 
{Sj^^J-'^^^). This property implies in particular that the form is associated with 
a diffusion process having as symmetrizing measure. Hence our exceptional sets 
above can be interpreted as polar sets for this diffusion process. Note that an slightly 
stronger result, the quasi-regularity of (f^, To), has been proved in Ma and Rockner 
(1997). We refer to Ma and Rockner (1992), Chapter IV, for the terminology below. 

Corollary 3.4: {Sj^^J^^"^) is quasi-regular. 

Proof: It suffices to show that Cap is tight. To this end, let i^i C -ftr2 C ■ • • C Tx 
be compact with iJ,{Kn) 1. Then note that the sets {pKn ^ V^} are also compact 
by Lemma 4.1 (vii) below. But by standard arguments there exists a subsequence 
(nm)meN such that UN ■■= iV"^ Em=i PKr^m A 1 ^ wrt £j + (•, Moreover, 
UN > 1/2 on {pk^^ > 1/2}. Hence 

Cap(pK„^ > 1/2) < Cap{uN > 1/2) < £:J(wjv,Wiv) + J uj^dfx — >0 
by Proposition III.3.4 of Ma and Rockner (1992). □ 

4. Topological properties of p 

In this section, we collect some preliminary results of topological kind concern- 
ing our metric p. Recall that is always endowed with the vague topology. 

Lemma 4.1: Let tTj : X x X — > X, z = 1, 2 denote the projection on the i-th 

coordinate 

(i) The mapping Fxxx 3 r] ^ f d{x,y)'^ r]{dx, dy) is lower semi- continuous, 
(a) If K C Tx is compact and i G {1,2}, then the set {r]\n*r] e is relatively 
compact in Txxx- 
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(in) For every a > 0, i = 1,2, the projection map n* : Txxx restricted to 

the closed set Ga '■= {v G TxxX \ J d{x,y)'^ r]{dx,dy) < o;^} is continuous. 

(iv) Suppose 7, 0^ e Fx have finite p-distance. Then there is at least one rj* e ^'y,u) 

1/2 

such that p{'y,u>) = (/ d{x,y)'^ r]*{dx,dy)) 

(v) The map Ga 3 rj i'^i'nj'^2V) ^ ^x x ^x is closed (i.e., {{Trlrj,7r2ri) [r] e 
F n Ga} is closed in Fx x Fx, for all closed F C Txxx)- In particular, 

TT*, : Ga — * Fx are both closed. 

(vi) p is lower semi- continuous on Fx x Fx- 

(vii) Let A C Fx, A closed. Then pA is lower semi- continuous (hence measurable) 
on Fx- If A is compact, then {pA < a} is compact, for all a > 0. In particular, 
closed p-balls are compact. 

(via) Pa is p-Lipschitz continuous with Lipschitz constant < 1, for all A C Fx 
and c > 0. 



Proof: (i) is trivial. For the proof of (ii), let C denote the set under consideration. 
Then G is relatively compact if and only if sup^^^ ^(-^) < OO) for all compact sets F C 
XxX. But, for such F, 

sup?7(F) < sup7r*r7(7rj(F)) < sup 7(7rj(F)) < oo 

by compactness of K. 

To prove (iii), let / G Co(X), and choose g G Go{X) so that = 1 on 
(supp /)" := {dsuppf < ct}- Then no t] E Ga charges a point {x, y) where x e supp / 
and y ^ (supp/)". Hence, for all r] G Gq, 



/ 



f {x) 'Klr]{dx) ^ I f{x)r]{dx,dy)^ / f{x)g{y)r]{dx,dy). 



In particular, ttIt] G Fx and it follows that tt^, restricted to Ga, is continuous. 

(iv) follows from (i), (ii), and (iii). For the proof of (v), let F C FxxXj F 
closed, and % G F n Ga, /c G N, such that 7T*r]k — > 7i G Fx, i = 1,2. Then 

% G {ry G F n G« I 7r*r; G {irlvk | A; G N} U {71}} =: C, 

which is a compact set by (i) and (ii). Hence selecting a subsequence if necessary 
we may assume that rjk ^ rj' & G d F r\ Ga- Consequently, by continuity 7^ = 
limfc7r*r7A; = Hence (71,72) G {(tti?;, TTa^y) | ry G F n Ga}- 
(vi). Let a > 0. Then by (iv) 

I (7, a;) G Fx X Fx I p(a;, 7) < a} = {(7ri*r/,7r^r7) | r/ G G^}. 
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But by (v) the latter is a closed set. 

(vii) . Let q; > and 7 G T^. Then 

Bail) '■= {o; e Tx I p(7,^) <o] = {-^Iv I 7/ e Ga, tt^t/ = 7} 

is compact as the continuous image of (77 e Gq | yr^ry = 7}. In particular, ui 1— > 
p(7,u;) is lower semi-continuous, and if r := pAil) < 00 there exists uj-y & C := 
-8^^.1(7) such that p(7,a;-),) = pc{l) = Pa (7)- Hence 

{pA <Oi] = (TTiry I 7/ e Ga, TT^r] e ^}. 

But the latter set is closed by (v), and even compact if A is by (ii) and (iii). 

(viii) is trivial, and the lemma is proved. CH 

The next Lemma will in particular imply the quasi-continuity of p{oj,-), for 
fixed (jj. Note that its Assertion (i) needs that X is connected. 

Lemma 4.2: Let Br denote the open geodesic ball of radius r > centered in 
some fixed point of X, and recall that 7^^ denotes the restriction of E Fx to 
Br- For uj e Fx, we define the closed set A^^^ '■= {7 £ \ Ib^ = '^Sr}' ^'^^ 

Poi.r '■= PA^^r- 

(i) If Br 7^ X, then Puj^rin) < 00 if and only if'y{X) > uj{Br). 

(ii) p^^r is a continuous function from T X to [0, 00]. 

(iii) Pu},rin) /" p{^^l) as r t 00, for all pairs 7 G Fx- 

(iv) a; 1-^ Puj,r{l) is lower semi- continuous if ^ is fixed. 

Proof: (i). First fix a; G Fx and write ub,, as Yl7=i ^y*- If 7 ^ ^x is given write 
it as X^ie/^zM for some index set I C N. If |/| < n it is clear that Pu},r{l) = 00. 
Therefore we can assume |/| > n in the sequel. Then we can find n points x^, . . . , 
such that 7' := 7 — ^^^=1 is a non-negative measure. Then we can write 7^^ as 
Yl^i <^a;<+") for some m > and x^'^^, . . . , x^'^'^ G B^. For i = 1, . . . , m, we then 
pick an g dBr which realizes the Riemannian distance of 2;"^+* to the boundary 
dBr of Br- If we now define an element u of Fx by a; := 7^^ + Y^^=i^ ^y^ clear 
that = ^Br- and that piui, 7)^ < r^m + Yll^i d{x^^ y^Y < 

(ii). In view of Lemma 4.1 (vii) it suffices to show upper semicontinuity of 
7 ^ Puj.ril) = PA^,r-il)- To this end, suppose we are given a sequence (7fc)fceN C Fx 
with 7fc 7. If Puj,r{l) = 00 we are done. Thus assume Puj,r{l) < 00 in the sequel. 
Note that, for any uj' G A^^r and r] G Fxxx so that 



7r*r/ = 7, {'Klr])Br=^Br, p{l,^'f=ld{x,yfr]{dx,dy), 
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we can construct a new r]' by replacing any (x, y) e supp r] with x,y E by (x, x). 
Then 



Kv' = l, {'^2^')b,= i^B^-, but j d{x,yfr]'{dx,dy) < J d{x,y)'^ri{dx,dy). 

Since is closed, we can hence find some uj* G A^^^ and 77* G such that 

Pij,r(7) — p{^*t7)j and such that rj* is optimal in the sense of 4.1 (iv) and has 
the form ry* = Zlili '^(xSy^) + S'^Cx.x), for (x", y') G x Fx U Tx x S^. Let 
7' = 7 — X^^i ^a-i, and write 7g^^ as ^^.jv+i. Then there exist a;^, . . .x^"*""^ in 

7fe such that a;^ ^ a;*. Define, for A; G N, 

AT A/"+m 
i=l i=N+l 

where third sum is determined by 7T*rjk — jk- Then, for large k, (Trlryfe)^,. = (^b^j 
since (7^ — '^^^^ S^i^){Br) — eventually. Therefore, 

N N+m 



limsupp^,^(7fc)2 <lim sup (^d(4, 2/^)2+ ^ d{xi,x'f) 

TV 

Yd{x\yr=P.Alf 



(iii) . It suffices to show that a := sup^, Pa>,r(7) > 7)- If a = 00 we are done. 
Otherwise we know from the proof of (ii) that there are a;* such that (0;^)^^ — i^Br 
and Puj,r{l) = p{^*^l)- But a;* — > a; as r t 00, since J /cL;* = J f du}^ for all 
continuous / with support in S^. Thus p{u!,^) < a follows from the lower semi- 
continuity of p(-,7). 

(iv) . Let {uJn)ne'M be a given sequence converging to u; in Fx- We have to show 
that Puj,r{^) < CK if there exists an a < 00 such that sup^ Pujn,r{l) < «• As above 
it follows that there are a;* with {uj^)b^ = ('^n)^^ and Pa;„,r(7) = p(ci;jt,7) < a. 
By Lemma 4.1 {a;* | n G N} is relatively compact and any accumulation point uj* 
satisfies p(a;*, 7) < a. Moreover, if / is a continuous function with compact support 
in Bj., 

/f dw* = lim / f doj^ = lim / f dwn = / fdw. 
Thus a;^ = coBri and (iv) is proved. CH 
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5. The p-geometry on Tx 

In this section, we will derive several auxiliary lemmas of geometric kind, which 
are needed in order to prove our theorems. One of the key results in this section 
will be Proposition 5.4 below, which roughly states that the images of some 7 G Fx 
under Vo(X)-flows are a p-dense subset of the set of all uj G Fx which have finite p- 
distance with respect to 7. This will in particular imply that any measure satisfying 
Assumption 1.1 has full support (cf. Proposition 5.6), a property which might be 
of independent interest in case of the Gibbs measures of Section 2. 

Suppose we are given a p-continuous path ^ : R — > Tx and two real numbers a 
and b with a < b. Then, as usual, we define the p- energy of ^ in the interval [a, b] 
as follows. 

I ^ 7ZT H- H-1 ) 



Lemma 5.1: If V E Vo{X) has the flow {'ilJt)teR ^'^^ is given by = V't 7? /^^'^ 
some flexed 7 G Tx, then the path ^ is p-continuous, and 



EaAO=l j \\V\\ldt, 



for all a < b. 

Proof: To prove '<' we remark that 



p{Cs,Ctf< I d{il^s{x),i^t{x)fl{dx)< I ma^g^^^^^{V,V){t-sfj{dx). 

J J s<r<t 

Now choose an ordered partition A = {to, ... , tn} of [a, b]. Then 

— 1 J ■ 1 i — 1 -1^ i 



i=i " ^ " i=i 

The latter converges to 



j ^ gM^){V,V)dt^{dx) = J g{V,V)d^tdt 

as the mesh of A tends to 0. Let us now prove that Ea,b{C) > | J,^ Uplift dt. To 
this end, let E^f^{cx) denote the usual Riemannian energy of the X-valued curve 
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Cx{t) '■= V't(^); ^ £ over the interval [a, b]. Then, if £ > is given, there is some 
n = n{x) e N such that, for U := a+ {b — a) ■ z2~"', 

I £ • 



I f 9cMV,V)dt = E^^,{c^)<lYl 



^i— 1 



Since V has compact support, n can even be chosen uniformly in a; e supp Fflsupp 7. 
Moreover, it is easy to see that, for large n. 



P(6i,6i-i)= ( J d{ca;{ti),c^{ti_i)Y ^{dxfj 



1/2 



Thus 



2'". 2 ^ 



This proves the assertion. CH 



Lemma 5.2: Suppose ^ is as in Lemma 5.1 and u : Tx — > M is p-Lipschitz 
continuous. Then 1 1— > u{^t) is absolutely continuous and 

~r'^{^t) < Lip(tt) • \\V\\^^ for almost every t. 

(JjL 



Proof: If A = {to, ti, . . . , t„} is an ordered partition of some finite interval [a, b], 
then 

r— 7 < 2Lip(w) Ea,b{0 = Lip(w) / \\V\\^^ dt. 

i=l * f^i-l J a 

The lemma in Chapter II, No. 36 of Riesz and Nagy (1956) states that, under this 
condition, t ^ u{^t) is absolutely continuous, and that 

f (4«(6))'c/t<LipH^ fwvwldt. 

Thus the lemma is proved, because a and b were arbitrary. CH 
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Note that smoothness of {X, g) is essential in the proof of the foUowing lemma, 
and in fact the assertion may fail if X is only a Lipschitz manifold. 

Lemma 5.3: Let 7, oj, and rj* be as in Lemma 4-1 (iv). Suppose that 
and {x2,y2) are two points in the support of ij* such that xi, yi, x^, and yi are 
mutually distinct. Let Ti denote d{xi,yi), and assume that Ci : [0, r^] X is a 
minimal geodesic connecting Xi with yi, and suppose that Cj is parameterized by arc 
length {i = 1,2). Then neither ci([0,ti]) C C2([0, r2]) nor C2([0, T2]) C ci([0,ti]) 
can occur and one of the two following cases holds, 
(i) There exists a local geodesic c extending both ci and c^. 



Proof: Suppose that ci([0, ti]) C C2([0, T2]). But then we must have that 



which contradicts the minimality of rf . 

Now suppose that xi, yi, X2, and y^ do not lie on a single local geodesic, but 
ci([0, Ti]) n C2([0, r2]) ^ 0. Then there are tx G (0,ti) and t-i e (0, r2) such that 
ci{ti) = £2(^2)- Define two piecewise smooth curves C12 and C21 by 



Then the total energy of C12 and C21 is the same as that of ci and C2, i.e.. 



(5.2) £;^(ci2) + £^^(c2i) = £^^(ci) + £;^(C2) = d(xx,yif + d{x2,y2f, 



if E denotes the energy functional acting on piecewise smooth X-valued curves. 
Now observe that the tangent vectors of ci and C2 cannot be proportional, because ci 
and C2 cannot be extended to one single geodesic. Therefore our curves C12 and C21 
are continuous but not differentiable in ti and ^2 respectively. But this implies that 
they cannot be energy-minimizing in the class of curves which are parameterized 
by arc length and have given endpoints. Hence there are two curves 0^2 and C21 
parameterized by arc length connecting xi and y2, and X2 and yi respectively such 
that E^{cij)* < E-^{cij). But in view of (5.2) this implies that (5.1) also holds in 
this case. So, again, we arrive at a contradiction to the minimality oi rj*. CH 

Proposition 5.4: Suppose s > is given andu), 7 e Tx are such that p{uj,j) < 00. 
Assume furthermore that 7 has the property that 



(ll) Ci([O,Ti])nC2([O,T2]) = 0. 



(5.1) 



d{xi, 2/2)^ + d{x2, yif < d{xi, yif + d{x2, 2/2)^, 




(5.3) 



7({a;})G{0,l}, 



for all X E X . 
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Then, if dim. X > 2, there is a vector field V G Vo{X) with flow {'4^t)teK. such 
that p{il}l'y,uj) < s and \\V\\^*-y = p(V'i7)7)j for all t e [0, 1]. 

If X = M, then there are n E N, ti > 0, and Vi G Vq{X) with corresponding 
flows {'4'i,t)teR} i = 1, ■ ■ ■ ,n, such that ti + • • • + tn = 1 and such that 

(f>t ■= ipi,s ° 'ipi-i,ti-i ° • • • ° V'l,*!, fort = s + H \-ti, < s <ti, 

satisfies p((/>i7, u;) < £ and p{4>lj, 7) < ||^i||<jf)j7 < p{.4>ili l) + for t above. 

Proof: First note that we can assume without loss of generahty that also u satisfies 
(5.3), since we can otherwise alter the corresponding points in the support of u> by 
an arbitrarily small portion of e. Choose r > so that the function p^j^j- of Lemma 
4.2 satisfies Pa;,r(7) > p(<^)7) ~ As in the proof of 4.2 (iii) there exist uj* and 
V* £ ^'y,u>* such that oj^^ = ojb^i Pu),r{l) = p('^*5 7)j and -q* is optimal in the sense 
of 4.1 (iv) and has the form J2iLi ^{xi,yi) + with Xi ^ yi. Now we choose 

minimal geodesies Ci : [0, 1] ^ X parameterized by arc length such that Ci{0) = Xi 
and Cj(l) yi, i = 1, . . . , iV. 

First consider the case dimX > 2. Then we can assume without loss of gener- 
ality that 



because otherwise the situation of (i) of Lemma 5.3 must occur, and we could alter 
the corresponding points by a small amount to arrive at a configuration which 
satisfies (5.4). Now we can define V to be Ci{t) in the points Ci(t), for < t < 1 
and i = 1, . . . ,N . Then the vector field V is well defined due to (5.4), and we can 
extend it to an element in Vq{X) by standard arguments. Let {i(}t)teR be its fiow. 
Then by construction 



for all t G [0,1] and z = 1, .. .,7V. 

Next consider the case where X = IR. Then we are always in the situation of 
Lemma 5.3 (i), and we can no longer assume (5.4). However, we know that it cannot 
occur that q([0, 1]) C Cj([0, 1]), for some i 7^ j, and no point x such that (x,x) G 
supp?7* can be contained in Ci([0, 1]). Moreover, if q([0, 1]) fl Cj([0, 1]) 7^ 0, then 
Cj and Cj have the same orientation, i.e., {xi — yi){xj — yj) > 0. Now rearrange the 
XiS such that {xi, yi), . . . , {xm, ym) ^ire precisely those pairs with Xi < yi and such 
that xi < X2 < ■ ■ • < Xm and Xm-\-i > Xm+2 > • ■ ■ > Then define a piecewise 
constant vector field Vi as yi — Xi on [x^, yi A x^+i), i = 1, . . . , m, and yi — Xi on 
{yi V Xi+i, Xi], and Vi = elsewhere. Let ('0i,t)teK denote its fiow, and define 



(5.4) 



Q([o,i])nc,([o, i]) = 



for i^j, 



iptixi) = Ci{t), 



and 




fl := inf t > 3 i,j such that Ci{t) = Xj> A 1. 
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By construction '0i,t7 is an energy minimizing p-geodesic on [0,ii] and 
In particular, 

is again optimal in the sense of 4.1 (iv). Hence we can replace 7 by ip* ~ 7 and ry* by 
r/i, and start the above construction over again. Then we get a piecewise constant 
vector field V2 with flow {'ip2,t)teM. and some ^2 G (0, 1 — ti] as above. It is easy 
to see that the above algorithm stops at some finite n, i.e., ti + • ■ ■ + = 1 and 
CO* = ip* ^ o • • • o '0* - 7. Applying a mollifier to Vi, . . . ,Vn gives the result. CH 

Let II • 1 1 00 denote the sup-norm of a function on X, and extend this norm to 
vector fields V = {V^, . . . , V^) by setting 

(5.5) ||F|U := sup V9x{V,V). 

Lemma 5.5: If V, W E Vo{X), {'il't)teM. and {(t>t)teM. denote the corresponding 
flows, and A = supp V U supp W. Then there is a constant c = c{V, A) such that 



Pi^tl, 4>tl) < ct ■ e"* ■ \\V - I^lloo ■ V7(A), for all 7 G Fx andt> 0. 

Proof: By the Nash (1956) embedding theorem X can be isometrically embedded 
into some W^. Below | • |i will denote the £^-norm on M". Then 

\i:t{x) - < f\V{M^))-W{M^))\^ds 

Jo 

<(t-snp\V{y)-W{y)\^ + Lv [ - M^)\,ds) ■ I (x), 

\ yex Jo J ^ 

where, for V = {V\...,V''), 

V^{y)-V'{z)\ 



zy^y, z,y eX 



n 

Lv ■= X^sup 

i=l 

Gronwall's lemma now yields 

\M^) - <t-snp \Viy) - W{y)\i ■ e*^- • I (x). 

yex ^ 

Since A is compact, there are positive constants ci and C2 depending only on A 
such that, for all y, z & A and every tangent vector U G TyX^ 

< ^9y{U, U) < ci\U\i and d{y,z) < C2\y - z\i. 

By taking ry = / ^(V't(a;),<^t(a;)) '^{dx) the assertion follows. CH 
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Proposition 5.6: Suppose that /i is a probability measure on Tx which satisfies 
Assumptions 1.1 (a), (c), and the quasi-invariance of (d). Then fj, has full support. 

Proof: We only give the proof in the case where X is non-compact and dimX > 2. 
Only minor modifications are necessary to handle the other cases. Suppose that fj, 
does not have full support. Then we can find an open geodesic ball B^. (Z X , S > 0, 
n e N, and j/i , . . . , j/^ e such that the open set 

n n 

t/ := jo; e Tx u{dBr) = and ub^ = ^^^i with ^d{xi,yi)'^ < 

satisfies fi{U) = 0, because these sets form a neighborhood base for Tx- Now choose 
a compact set 

K C |7 e l{X) > n and 7({a;}) e {0, 1} for all a;| 

with IJ,{K) > 0. Such a set exists by Assumption 1.1 (a) and (c). Fix 7 e -PC. 
By Lemma 4.2 we must have Puj,r{l) < 00, for all a; e U. In particular, there 
is oj & U with p(7, iv) < 00. Since U is open, Proposition 5.4 implies that there 
is even a vector field G Vo{X) such that its flow {'i/;j^t)tes. satisfles V'7,17 ^ U. 
Hence K is covered by [ip* i)~^U, 7 G K, and we can extract a finite subcover 
{ipi i)~^U, . . . , {ip^ i)~^U. But by quasi-invariance iJ,{{ip* i)~^U) — which contra- 
dicts n{K) > 0. □ 



6. Dirichlet forms on Tx- 

In this section, we prove Proposition 1.4. The following two lemmas will also 
be needed for the proofs our main results. We suppose in this section that fj, satisfies 
Assumption 1.1. 

Lemma 6.1: Let V G Vo{X) and denote its flow by {'ipt)teR- Then 
(6.1) J (u o ip^ — ujv dfi = J J {u o ip*)'V\^v d/ids, 

for all bounded and measurable u and all v G TC^ 



Proof: By a monotone class argument it suflaces to prove (6.1) for u G TC^ . Then 
also uotp* e TC^. Note that 

uoipf—u= / {'VYu)oip*ds= / VY{uoip*)ds. 
Jo Jo 

Therefore, by Assumption 1.1 (e), 

J (u o ipf — u)v d/j, = J j {u o ip*)V\^v dfids. 
This proves the lemma. D 
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Lemma 6.2: If u e F and ('0i)t£R is the flow of some V G Vo{X), then 

uo'ip^—u= / {V^u,V) o ip* ds, for all t eM, ij,-a.e., 
Jo 

and, for all v e TC^ and all s e R, 

(6.2) J{V^u,V)o^*-vdn = J{uo^*)V\r*vdn. 

Proof: Let v e J-C^^ . Then by definition of F and Lemma 6.1 

J (V^u, V) o ip* ■ V djjL — lini j - {uo — uo ip*g)v d/j, 

= ^ ^ J{uo tjj*^^)V\.*v dn dr 
= J {uo,pi)V\;vdii, 
because t ^-^ u o ip^ e L'^ {fi) is continuous. Hence, again by Lemma 6.1 
J {uoip'l — u)v dji = J J (V^w, V) oip*ds V dfi. 

By continuity oit ^ uo e L'^{ij) tlie assertion follows. CH 

Following Albeverio, Kondratiev and Rockner (1997b) and Eberle (1995), we 
let VTC^ denote the set of all "smooth vector fields" on Fx, i.e. the set of all 
sections Y of TTx which are of the form 1^(7,0;) = X]r=i^«(7) ^*(^)' ^^^^ ?^ G N, 
Vi e TC^, and e Vb(X). Then Assumption 1.1 (e) implies that, for u e TC^ , 

J (V^«(7),n7))7A*(^7) = -/ udivlYd^, 

where 

n 

Then (div|^, VJ^C^) is a densely defined linear operator from L^(Fx — > TFx,A*) 
to L^(|u), and we denote its adjoint by {d'^, VF^'^). Functions u G VF^'^ are weakly 
differentiable in the sense that J {d^u,Y) d/j, — — J udivJ^Y dfj, holds for all Y G 

Lemma 6.3: F C VF^'^ and = di^ on F. 
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Proof: Let w e F and Y = Er=i^»^» ^ VJ^C^. Then we get by using (6.2) for 
s = 



Lemma 6.4: Suppose (a, 6) 3 t ^ v{t) G L'^{lJi) is differentiable at to G (o, 6) 
and let (p G C^(]R). Then {a,b) 3 t ^ (fi{v{t)) G L^i/J-) is differentiable at to with 
derivative 



Proof: Let A{t) :— {(p{v{t)) — ip{v{to)))/{t — to). It suffices to show that every se- 
quence tn — > to has a subsequence (tn^.) such that A(i^j,) — > cp' {v{to)){dv{t) / dt)\t=to 
in But this foUows easily by noting that {(A(t„))^ | n G N} is uniformly 

integrabel due to the Lipschitz property of (f and by taking (tnfc) so that //-a.e. 

{V{tn,) - v{to))/{tn, - to) ^ {dv{t) /dt)\t=to- □ 

Proof of Proposition 1.4: (i). Since (div J^, VJFC^) is densely defined, the form 
S{u,u) := j{d^'u,d^'u)dn, u G W^'^ is closed. Therefore (^J,J^C^°°), (6'J,F), and 
{8j^,¥^'-^^) are all closable by Lemma 6.3 and Proposition 1.3.5 of Ma and Rockner 
(1992). Thus (£^,jFo), {Sj^,J^), and (£^^,JF('^)) are symmetric closed forms, and it 
remains to check the contraction property to conclude that they are Dirichlet forms. 
But, for tt G F, this is clear from (1.3) and Lemma 6.4, and if ti G ^ is arbitrary it 
then follows from Proposition II. 4. 10 of Ma and Rockner (1992). 

Assertion (ii) is immediately implied by Theorem 1.3 if -u is bounded. The 
extension to -u G -^^(//) then follows easily by approximating u by (— n) V u An. 

As for (iii), observe that the linear operators and d^^ and hence also divJ^V'" 
and divJ^cZ'* coincide on !FC^ . But if is a mixed Poisson measure as in the 
assertion, then due to Theorem 4.2 of Albeverio, Kondratiev and Rockner (1997a) 
and its proof we must have that T = J-^"^^ = To. 

(iv). For ti G JF, there is a sequence {un)ne^i ^ converging to u in T. 
Thus, if A denotes the cr-finite measure A{dx,d'y) = ^{dx) iJ,{dj), (V^«n)neN is a 
Cauchy sequence in L^(X x Fx TX, A). Hence there exists an element V^u G 



L2(XxFx ^ TX,A) such that Ej^{u,u) = J ga;{V^u{^),V^u{^)) A{dx,d^). □ 




Hence the lemma follows. 



□ 



d_ 

dt t=to 



ifivit)) = ip'ivito)) 



dv{t) 
dt t=to 
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7. Proof of Theorem 1.3 

Let u e be p-Lipschitz continuous with L := Lip(w). Fix V e Vo{X) 

having the flow {ipt)tm- Then consider the set 



X 



^^^^'^^ "^^^ ^ Gvil) ast^O, and |Gv^(7)| < L ■ \\V\\^ 



Then is measurable because the existence of lim j[u{'tjj*'y) — ^(7)) is equivalent 

to the existence of the limit of ^[u{'tp*'y) — ^(7)) for r 0, r G Q, because t 1-^ 
ui^il^l^) is continuous by Lemma 5.2. Moreover, we claim that Vty has full //-measure. 
Indeed, we know by Lemma 5.2 that, for all 7 G Fx, the set of s G R for which 
■^57 e has full Lebesgue measure. Thus 



1 /- A., ^ 



= ^ rfs y /i(d7)I^c(V':7) = y y^ /^(c«7) 



■(7). 



But, for every s, (i/i o (•(/;*) ^ /dji is /x-a.s. strictly positive by Assumption 1.1 (d), 
and hence |u(0^) = 0. 

We now claim that 

(7.1) ^ in L2(/x o (V^:)"^) as t ^ 0, for aU s G R. 

Indeed, we already know from Lemma 5.2 that 



sup 

-i<t<i 



< sup — / ||V||^*-Yds 

-l<t<l i 



^^•^^ <L(f sup [g{V,V)oi^,]d^\'^ 

-l<s<l ^ 

<L\\V\\ooVl{s^PPV). 

By Assumption 1.1 (b), (7.1) thus follows from dominated convergence. 

Observe that it follows from (7.2) that (6.1) holds for u even though u is not 
necessarily bounded. In view of (7.1), this implies that 

J GyvdiJ,^ J u Vy*v djji, for aU v G TC^ , 

because s 1— > tt(V'*7) is continuous by Lemma 5.2. Then note that V ^ V^*v is 
linear by Assumption 1.1 (e). Hence if V can be written as aiVi + • • • + Oij-Vk with 
CKj G R and Vi G Vq{X), i = 1,.. .,k, then 

Gv V dji = ai u V\rV d/i = cuiGv. v d/i for all v G J-C^ . 

i=i i=i 
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Therefore, we may conclude that 

k 

(7.3) Gv = ^ aiGvi //-a.s. 

i=l 

Now let V C Vo{X) be a countable Q-vector space such that, for all V G Vo{X), 
there exist y„ G V, n G N, such that ||V^ — 14.||cx3 — ^Oasnjcxo and all Vn have 
compact support in a common compact subset of X, where the norm || • ||oo was 
defined in (5.5). Such a space V can be easily constructed by using partitions of 
unity on X. Let fiy denote the intersection of all sets fly with V E V. Then 
(u(Ov) = 1. Now take Fq to be the set of all 7 G fiy such that V t-^ Gyi'j) is a 
Q-linear mapping on V. By virtue of (7.3) we thus get ij.{Tq) = 1. Fix 7 G Fq. 
We have |Gv'(7)| < -^II^IIt? fo^ s-U V eV. Hence by the above we can extend this 
mapping to a linear mapping (again denoted by Gvi'j)) defined on the whole of 
Vo{X). Again 

1^1^(7)1 < L \\V\\^ for aU V G Vo{X). 

Hence there is V^m(7) G TjTx such that ^^(7) = (^^^(7), V)^, and || ^^^(7)11^ < 
L. Therefore assertion (i) is proved. 

The statement (ii) is already settled if V E V. If F G Vo{X)\V pick some W 
in V such that ||V^ — VF||oo < £, and let {(t>t)teR denote the flow generated by W. 
Then Lemma 5.5 yields 

\u{rtl) - u{cf>*tl)\ < LpirtlAtl) < Ltcee'-^{Af/\ 

where A = supp V U supp W and c is a constant depending only on V and A. 
Therefore, if 7 G Fq, 



t 

< eLce*'^ 7(^)^/2 ^ ||V^u(7)||^ ■ \\V - W\ 

u{(t>*tl) - «(7) /wr 



7 



+ 



t 

< £Lce*^7(A)i/2 + £L7(A)i/2 + o(l) 



as 



t — > 0. This proves (ii). □ 



8. Proof of Theorem 1.5 

Throughout the proof, take V C Vo{X) as in the proof of Theorem 2.3, let 
{4'v,t)teM. denote the flow of a vector fleld V G Vo{X), and suppose that n satisfles 
Assumption 1.1. We will need the following simple lemma. 
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Lemma 8.1: Suppose (fn)n6N C Lp'ilj) converges to in L'^{lj) and V G Vq{X) is 
a vector field. Then, for r, t & M., r < t, 



t 

\vn ° '4'vs \ — ^'^ jJL-prohability as n\ oo. 



Proof: Let 



$ := 



ds 



Then (s,7) ^ ^s(7) is jointly measurable, and 

1 



and ^s-=^sO'^vs. 



\Vn\ d/I ^ 



t-r 



ds 



djji. 



This implies the assertion, because < J* $g ds < oo holds /x-a.s. by 1.1 (d). 
□ 



Now we will show the first assertion of Theorem 1.5. To this end, suppose that u 
is p-continuous /(/-modification of a function -u e with Vgiu, w)(7) = || V^ti(7) ||^ < 
C^, for //-a.e. 7 e Fx. Choose a sequence (un)neN C F converging to u in JF. By 
Lemma 6.2 

(8.1) Un{ll^*y,tl) - Un{l) = [ (V^«n, V)^* ^ds, te M, 

Jo 

holds for //-a.e. 7 and all V G Vo(X) and n G N. Hence there is a measurable 
subset r^o of Fx with iJ,{flo) = 1 such that (8.1) holds for all uj G Oq, w G V, t G M, 
and n G N. Next, by applying Lemma 8.1 with fn(7) := ||V'"'Un(7) — V^'u(7)||-y, 
a diagonalization argument implies the existence of a subsequence (■Unfc)fceN and a 
measurable subset Oi C Qq with full /x-measure such that, for all 7 G fii, F G V, 
k eN, r <t, and s G Q, 

«nfe(V'v,s7) ^ '"(V'^,s7), ""rife (7) — ' and 

t 

II V'^ttru. — V^w||^^ ^ (is — >• as /c t 00. 
Hence 

(8.2) ^i(V^^,,7) - ^i(7) = !\v^u,V)^*^^^ds 

Jo 
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is true for all 7 G ^i, t G Q, and all V eV. By Lemma 5.2 and the p-continuity of 
u, the identity (8.2) extends to all t e R. 

Now let n2 be the set J^i n {7 e Fx | 7 satisfies (5.3)}. Then /i(J]2) = 1- If 
dimX > 2, a; e Fx, and 7 G ^2 are such that p{'j,u) < 00, then Proposition 5.4 
and Lemma 5.5 yield the existence of a sequence (in)n€N C V such that 

1 1 2 

P(V'v„,i7,'^) < - and \\^n\\l*^^^^-y dt < {p{^,uj) + -) for aU n e N. 

From this, our assumptions, and equation (8.2) we conclude that 



(8.3) |^i(7)-^(a;)| <ClimsupW [' \\V4i. dt = Cp{^,u;), 

nToo V -^0 

with a similar reasoning if X = R. In particular, w is p-Lipschitz continuous on Q2 
with Lipschitz constant less or equal to C. Next let 

u{^) := sup u{u>) — Cp{uj,^) 

if the supremum is finite and u{'j) = if not. Then £t is a /[/-measurable function 
such that u — u onO,2 and such that Lip('u) < C (cf. McShane (1934)). This proves 
part (i) of our theorem. 

In order to prove '<' in Theorem 1.5 (ii), fix u and 7 as in the assertion, and 
consider the function p^^^ defined in Lemma 4.2. By Lemma 4.1 (viii), c A p^j^r is 
p-Lipschitz continuous with Lip(c A Pu,,r) < 1, for all c, r > 0. Hence c A p^j^r ^ ^^'^^ 
and l£'(c A Paj,r, c A Pu;,r) < 1 p-a.e. by Theorem 1.3 and Lemma 4.2 (ii). But c 
and r were arbitrary, and hence Lemma 4.2 (iii) implies '<'. The inequality '>' of 
Theorem 1.5 (ii) follows from the next lemma. 

Lemma 8.2: Suppose u E T has a vaguely continuous ii-version u and satisfies 
Teiuju) < 1 n-a.s. Then u is already p-Lipschitz continuous and Lip('u) < 1 

Proof: Since u is p-continuous, we already know from (8.3) that, for p-a.e. u e Fx, 
u has the property that 

(8.4) |tt(7) - u{uj)\ < p{l,uj), for all 7 e Fx- 

Now we will show that (8.4) holds for any given ojq G Fx- So let 7 G Fx be such 
that piojQi 7) < 00, and fix a point in X. Let Br denote the open geodesic ball of 
radius r around this point, and let dB^ denote its boundary. Then pick a sequence 
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< ri < r2 < • • • with r/- t oo and u>o{dBr^) — 0. We can write the restriction 
{ojo)b of (jUq to Br^. as Yl7=i K^- ^^e proof of 5.6 we see that 

(8.5) '= 

Uk^[u;e Fx uj{dBr,) = and lob^^ = Y.^z^ with < 1^} 

is open. Now we choose /cq G N such that l/r^ < £ and 

(8.6) \'^{'^) ~ ■^*(<^o)| < ^ for all <^ £ Uko- 

Note that (8.6) automatically holds for /cq replaced by any k > ko, because Uk C 
t/feg. Since has full support by Proposition 5.6, there is an a;^ e ?7fc such that u 
satisfies (8.4) for a;/, replacing uj. As in (8.5) we write (a;/.) as Yl7=i • Since 
p{u)o,j) < oo, there exists rj* optimal in the sense of Lemma 4.1 (iv). Pick points 
x^, . . . , x"''' in the configuration 7 such that {y^,x^), . . . , (j/"'^ , a;"'= ) are points of rj*. 
Defining 7/, := (0)^)50 + Yli=i ^x*, we get 

|u(u;o) - u{7k) \ < \u{uJo) - u{uJk) \ + \u{u)k) - w(7fc)| 



i=l 



i=l 



1/2 



< 2s + p{uJo,j). 

Finally observe that p{ljo, 7) < 00 obviously implies that 7^ — > 7, vaguely as /c t 00. 
□ 
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